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In the Luttinger model with non-local interaction we investigate, by exact analytical methods,
the time evolution of an inhomogeneous state with a localized fermion added to the non interacting
ground state. In absence of interaction the averaged density has two peaks moving in opposite
directions with constant velocities. If the state is evolved with the interacting Hamiltonian two
main effects appear. The first is that the peaks have velocities which are not constant but vary
between a minimal and maximal value. The second is that a dynamical ‘Landau quasi-particle
weight’ appears in the oscillating part of the averaged density, asymptotically vanishing with time,
as consequence of the fact that fermions are not excitations of the interacting Hamiltonian.
PACS numbers:
Introduction
Recent experiments on cold atoms [1] have moti-
vated an increasing interest in the dynamical proper-
ties of many body quantum systems which are closed
and isolated from any reservoir or environment [2]. Non
equilibrium properties can be investigated by quantum
quenches, in which the system is prepared in a state and
its subsequent time evolution driven by a many body
Hamiltonian is observed. As the resulting dynamical be-
havior is the cumulative effect of the interactions between
an infinite or very large number of particles, the com-
putation of local observables averaged over time-evolved
states poses typically great analytical difficulties; the
problem is then mainly studied in one dimension, see
for instance [3],[4],[5],[6],[7],[8],[9],[10],[11],[12],[13],[14].
A major difference with respect to the equilibrium case
relies on the fact that in such a case a form of univer-
sality holds, ensuring that a number of properties are
essentially insensitive to the model details; for instance
a large class of one dimensional system, named Luttinger
liquids [17], have similar equilibrium properties irrespec-
tively from the exact form of the Hamiltonian, and this
fact can be even proven rigorously under certain hypoth-
esis using constructive RG methods [18]. Universality
and independence from the details explain also why even
crude approximations are able to capture the essential
physics of such systems. At non-equilibrium the behavior
depends instead on model details; for instance integrabil-
ity in spin chains dramatically affect the non equilibrium
behavior [19] while it does not alter the T = 0 equilib-
rium properties [20]. This extreme sensitivity to details
or approximations asks for a certain number of analytical
exact results at non-equilibrium, to provide a benchmark
for experiments or approximate computations.
One of the interacting fermionic system where non-
equilibrium properties can be investigated is the Lut-
tinger model, which provides a great number of informa-
tion in the equilibrium case. In this model the quadratic
dispersion relation of non relativistic fermions is replaced
with a linear dispersion relation, with the idea that the
properties are mainly determined by the states close to
the Fermi points, where the energy is essentially linear; a
Dirac sea is introduced, filling all the states with negative
energy. It is important to stress that there exist two ver-
sions of this model, the local Luttinger model (LNN) and
the non local Luttinger model (NLMM); in the former a
local delta-like interaction is present while in the latter
the interaction is short ranged but non local. At equi-
librium such two models are often confused as they have
similar behavior, due to the above mentioned insensitiv-
ity to model details; there is however no reason to expect
that this is true also at non equilibrium. It should be
also stressed that the LLM is plagued by ultraviolet di-
vergences typical of a QFT and an ad-hoc regularization
is necessary to get physical predictions; the short time or
distance behavior depends on the chosen regularization.
The quantum quench of homogeneous states in the
LLM was derived in [4],[5] and in the NLLM in [11]; the
predictions agree for long times but are rather different
for short times. Regarding the quantum quench of inho-
mogeneous states, in [9] the dynamical evolution in the
LLM of a domain wall state was considered, as an ap-
proximate description for the analogous problem in the
spin XXZ spin chain. It was found in [9] that the evo-
lution in the free or interacting case is the same up to
a finite renormalization of the parameters; in particular
the front evolves with a constant velocity. Non constant
velocities appear, from numerical simulations, in more
realistic models like the XXZ chain [13].
In this paper we consider the evolution of inhomoge-
neous states in the NLLM, using exact analytical meth-
ods in the infinite volume limit. In particular we will
consider the state obtained adding a particle to non in-
2teracting ground state or the vacuum. In the absence of
the interaction the particle moves with a ballistic motion
with a constant velocity, showing a typical ”light cone”
dynamics. In presence of interaction, the dynamics is
still ballistic (in agreement with the fact that the con-
ductivity computed via Kubo formula is diverging), but
the evolution is not simply the free one with a renormal-
ized velocity; on the contrary, the evolution is driven by
velocities which are non constant and energy dependent.
Moreover the interaction produces a dynamical ‘Landau
quasi-particle weight’ in the oscillating part, asymptoti-
cally vanishing with time; no vanishing weight is instead
present in the non oscillating part. Note also that the
expressions we get do not require any ultraviolet reg-
ularization, and correctly captures also the short time
dynamics.
The plan of the paper is the following. We introduce
the NLLM in §II and in §III we derive by this method
the ground state 2-point function and the average over
an homogeneous quenched state. §IV contains our main
result, namely the time evolution of an inhomogeneous
state. In the Appendices the analytical derivation of our
results is exposed.
The non-local Luttinger model
The non-local Luttinger model (NLLM) Hamiltonian
is
H =
∫ L/2
−L/2
dxi(: ψ+x,1∂xψ
−
x,1 : − : ψ+x,2∂xψ−x,2 :) +
λ
∫ L
2
−L2
dxdyv(x − y) : ψ+x,1ψ−x,1 :: ψ+y,2ψ−y,2 : (1)
where ψ±x,ω =
1√
L
∑
k ak,ωe
±ikx−0+|k|, ω = 1, 2, k = 2pinL
with n ∈ N are fermionic creation or annihilation opera-
tors, v(x) is a smooth short range potential such that
|v̂(p)| ≤ e−κ|p| (2)
and :: denotes Wick ordering. The main difference with
the local Luttinger model (LLM) is in the choice of the
potential; in the LLM v(x − y) = δ(x − y). Usually
in a low energy many body problem local or non short
ranged interactions produce negligible differences; this is
not true in the Luttinger model due to the linear rel-
ativistic dispersion relation, and ultraviolet divergences
are produced in the LLM but not in the NLLM; as a
consequence, the physical properties in the two models
differ under several aspects. We are choosing units so
that vF = 1, where vF is the Fermi velocity.
The Hamiltonian can be rewritten as
H = H0 + V =
∑
k>0
k[(a+k,1a
−
k,1 + a
−
−k,1a
+
−k,1) + (3)
(a+−k,2a
−
−k,2 + a
−
k,2a
+
k,2)] + (4)
2λ
L
∑
p>0
[ρ1(p)ρ2(−p) + ρ1(−p)ρ2(p)] + λ
L
v̂(0)N1N2
where
ρω(p) =
∑
k
a+k+p,ωa
−
k,ω
Nω =
∑
k>0
(a+k,ωa
−
k,ω − a−−k,ωa+−k,ω)
The regularization implicit in the above expressions is
that ρω(p) must be thought as limΛ→∞
∑
k χΛ(k)χΛ(k+
p)a+k+p,ωa
+
k,ω where χΛ(k) is 1 for |k| ≤ Λ and 0 oth-
erwise. The Hamiltonian Hλ as well as the ρω(p) can
be regarded as operators acting on the Hilbert space H
constructed applying finitely many times creation or an-
nihilation operators on
|0 >=
∏
k≤0
a+k,1a
+
−k,2|vac > (5)
We define
ψ̂±
x
= eiH0tψ±ω,xe
−iH0t
=
1√
L
∑
k
a±ω,ke
±i(kx−εωkt)−0+|k|, (6)
where ε1 = +, ε2 = − so that
< 0|ψεω,xψ−εω,y|0 >=
(2pi)−1
iεω(x− y)− i(t− s) + 0+ . (7)
The basic property of the Luttinger model is the validity
of the following anomalous commutation relations, first
proved in [15]
[ρ1(−p), ρ1(p′)] = [ρ2(p), ρ2(−p′)] = pL
2pi
δp,p′ (8)
Moreover one can verify that
ρ2(p)|0 >= 0 ρ1(−p)|0 >= 0. (9)
Other important commutation relations are the following
[H0, ρ1(±p)] = ±ρ1(±p) [H0, ρ2(±p)] = ∓ρ2(±p)
[ρω, ψ
±
ω,x] = e
ipxψ±ω,x (10)
It is convenient, see [15], to introduce an operator T =
2pi
L
∑
p>0[ρ1(p)ρ1(−p) + ρ2(−p)ρ2(p)] and write Hλ =
(H0 − T ) + (V + T ) = H1 + H2. Note that H1 com-
mutes with ρω and H2 can be written in diagonal form
by the following transformation
eiSH2e
−iS = H˜2 (11)
=
2pi
L
∑
p
sech2φp[ρ1(p)ρ1(−p) + ρ2(−p)ρ2(p)] + E0
3so that
eiSeiHλte−iS = ei(H0+D)t (12)
where
S =
2pi
L
∑
p6=0
φpp
−1ρ1(p)ρ2(−p), tanhφ(p) = −λv(p)
2pi
.
Defining D = T + H˜2, we can write:
D =
2pi
L
∑
p
σp[ρ1(p)ρ1(−p) + ρ2(−p)ρ2(p)] + E0 (13)
where σp = sech2φ(p)− 1 and and [H0, D] = 0.
The ground state of H is
|GS >= eiS |0 > (14)
while |0 > is the ground state of H0.
The relation between the creation or annihilation
fermionic operators and the quasi-particle operators is
can be defined as
ψx = e
ipFxψx,1 + e
−ipF xψx,2 (15)
and we call eipF xψx,1 = ψ˜x,1 and e
−ipF xψx,−1 = ψ˜x,2.
where pF is the Fermi momentum. In momentum space
this simply means that the momentum k is measured
from the Fermi points, that is ck,ω = c˜k+εωpF ,ω, εω = ±.
Finally we recall that the XXZ spin chain model can be
mapped in an interacting fermionc system; when the in-
teraction in the third direction of the spin is missing (XX
chain) the mapping is over a non interacting fermionic
system with Fermi momentum cos pF = h. Therefore
|0 > corresponds to the ground state of the XX chain
with magnetization m such that pF = pi(
1
2 −m).
In the NLLM the average of the 2-point function over
the ground state is [15], in the L→∞ limit, see App. C
< GS|ψ+ω,xψ−ω,0|GS >=
1
2pi
1
iεωx+ 0+
(16)
exp
∫ ∞
0
dp
1
p
{2 sinh2 φp(cos px− 1)}
Asymptotically for large distances
< GS|ψ+ω,xψ−ω,0|GS >∼ O(|x|−1−η), (17)
η = sinh2 φ0
implying that the average of the occupation number over
the interacting ground state is nk′+εωpF ∼ a+O(k
′η).
We now consider a quantum quench in which the in-
teraction is switched on at t = 0. An interesitng quantity
is the non interacting ground state evolved the the inter-
acting Hamiltonian [4]
< Ot|ψ+ω,xψ−ω,y|Ot >=< 0|e−iHtψ+ω,xψ−ω,yeiHt|0 > (18)
One finds, see App. D, in the limit L→∞
< Ot|ψ+ω,xψ−ω,0|Ot >=
1
2pi
1
iεωx+ 0+
(19)
exp
∫ ∞
0
dp
γ(p)
p
{(cospx− 1)(1− cos 2p(σp + 1)t)},
where γ(p) = 4 sinh2 φp cosh
2 ϕp. Keeping x fixed, see
App. A
lim
t→∞
< Ot|ψ+ω,xψ−ω,0|Ot >=
1
2pi
1
iεωx+ 0+
exp
∫ ∞
0
dp
1
p
{γ(p)(cos px− 1)} (20)
The 2-point function over |0t > reaches for t→∞ a limit,
similar but different with respect to the average over the
ground state (16) ; thermalization does not occur and
memory of the initial state persists. The difference be-
tween the limit of the quench and the ground state aver-
age is that the prefactor in the integrand (related to the
critical exponent) is in one case γ(p) = 4 sinh2 φp cosh
2 ϕp
and in the other 2 sinh2 φp.
The value of < Ot|ψ+ω,xψ−ω,y|Ot > in the LLM can be
obtained from (20) replacing γ(p), σp with γ(0), σ0. Do-
ing that the integral in the exponent of (16) becomes
ultraviolet divergent and it requires a regularization; it
is found ,see [4]
1
2pi
1
iεωx
1
|x|γ(0) [
x2 − v2t2
v2t2
]
γ(0)
2 (21)
where v = 1+ σ0. Comparing (19) with (21) we see that
the expressions in the LLM and the NLLM are rather
different at short times; in the LLM there is a divergence
at t = 0 due to the ad hoc regularization which is of
course absent in the NLLM. The expressions qualitatively
agree if the limit t→∞ is performed first but only if we
consider the large distance behavior; on the contrary for
small distances the behavior is radically different. In the
NLLM one sees that the interaction has no effect at small
distances (the integral in (20) is = 1 as x = 0); this is
what one expects in a solid state model, as there are
no high energy processes altering the short distances (or
high momentum) behavior. On the contrary, from (21)
we see that the interaction has a strong effect even for
small x, as a singularity O(x−1−γ) is present,which is a
consequence of the absence of an intrinsic cut-off in such
a model.
Quantum quench for the single particle state
Let us consider now an inhomogeneous state obtained
adding a particle to the non interacting ground state with
Fermi momentum pF ; the case in which the particle is
added to the vacuum is obtained setting pF = 0. The
4state is the evolution of ψ+x |0 > which by (15) can be
written as
|Iλ,t >= eiHλt(eipF xψ+1,x + e−ipF xψ+2,x)|0 > . (22)
and we consider the average of the number operator n(z)
< Iλ,t|n(z)|Iλ,t >, (23)
where n(z) is the regularized version of the particle num-
ber ψ+z ψ
−
z , namely n(z) =
1
2
∑
ρ=±
(ψ˜+1,z+ρεψ˜
−
2,z+ψ˜
+
2,z+ρεψ
−
1,z+ψ
+
2,z+ρεψ˜
−
2,z+ψ˜
+
1,z+ρεψ˜
−
1,z)
(24)
One needs to introducing a point spitting (the sum over
ρ = ±) playing the same role as Wick ordering, and
at the end the limit ε → 0 is taken. Note that using
the correspondence with the XXZ spin modes, the state
|It > corresponds to adding an excitation to the ground
state of the XX chain with total magnetization m =
1/2 − pF /pi. It turns out that < It|n(z)|It > is sum of
several terms
〈0|ψ˜−1,xeiHtψ˜+1,z+ρεψ˜−2,ze−iHtψ˜+2,x |0〉+
〈0| ψ˜−2,xeiHtψ˜+2,z+ρεψ−1,ze−iHtψ+1,x |0〉+
〈0| ψ˜−1,xeiHtψ˜+2,z+ρεψ˜−2,ze−iHtψ˜+1,x |0〉+
〈0| ψ˜−2,xeiHtψ˜+1,z+ρεψ˜−1,ze−iHtψ˜+2,x |0〉+
〈0| ψ˜−1,xeiHtψ˜+1,z+ρεψ˜−1,ze−iHtψ˜+1,x |0〉+
〈0| ψ˜−2,xeiHtψ˜+2,z+ρεψ˜−2,ze−iHtψ˜+2,x |0〉.
In the non-interacting case λ = 0 the first term can be
written as
〈0|ψ˜−1,x,tψ˜+1,z+ρε |0〉〈0|ψ˜−2,zψ˜+2,x,t |0〉 (25)
so that in the limit ε → 0 this term is equal to
e2ipF (x−y)(4pi2)−1[(x−z)2−t2]−1; a similar result is found
for the second term. The third and fourth terms are van-
ishing as
∑
ρ
1
ρε = 0; similarly the last two term give
(4pi2)−1[(x− z)± t]−2. Therefore in the absence of inter-
action one gets
lim
L→∞
< I0,t|n(z)|I0,t >= 1
2pi2
cos 2pF (x − y)
(x− z)2 − t2
+
1
4pi2
[
1
((x− z)− t)2 +
1
((x− z) + t)2 ] (26)
The average of the density is sum of two terms, an os-
cillating and a non oscillating part (when the particle is
added to the vacuum there are no oscillations pF = 0).
At t = 0 the density is peaked at z = x, where the av-
erage is singular. With the time increasing the particle
peaks move in the left and right directions with constant
velocity vF = 1 (ballistic motion); that is, the average
of the density is singular at z = x ± t and a ”light cone
dynamics” is found.
The interaction addresses in a quite non trivial way on
the above dynamics. We get in the L → ∞ limit, see
App. C
lim
L→∞
< Iλ,t|n(z)|Iλ,t >=
1
4pi2
[
1
((x− z)− t)2 +
1
((x − z) + t)2 ] + (27)
1
4pi2
eZ(t)
(x− z)2 − t2[
e2ipF (x−z)eQa(x,z,t) + e−2ipF (x−z)eQb(x,z,t)
]
,
where
Z(t) =
∫ ∞
0
dp
p
γ(p)(cos 2p(σ + 1)t− 1) (28)
and γ(p) = e
4φ(p)−1
2 ; moreover Qa =∫ ∞
0
dp
e−p0
+
p
[(eip(x−z)+ip(σp+1)t − eip(x−z)+ipt)
+(eip(x−z)−ip(σp+1)t − eip(x−z)−ipt)]
and Qb =∫ ∞
0
dp
e−p0
+
p
[(e−ip(x−z)+ip(σp+1)t − e−ip(x−z)+ipt)
+ (e−ip(x−z)−ip(σp+1)t − e−ip(x−z)−ipt)]}.
By looking at (27) we see first that the interaction
does not modify the non oscillating part. Regarding the
oscillating part, it produces two main effects. First of all
the velocity of the peaks of is not anymore constant but
varies between a maximal and minimal value. This is an
effect which is absent in the LLM; indeed if we replace
σp with σ0 we have
1
(x− z)2 − t2 e
Qa =
1
(x− z)2 − (1 + σ0)2t2 , (29)
so that is one gets the same expression as in the free
case with a renormalized velocity (a similar expression is
valid for Qb). The presence of non constant velocity is
in agreement with the result of numerical simulations in
the XXZ chain [13].
The interaction has also another non trivial effect; it in-
troduces a dynamical ”Landau quasi-particle weight” in
the oscillating part, asymptotically vanishing with time.
Indeed for large t
expZ(t) = O(t−γ(0)), (30)
while Z(0) = 1. This vanishing weight can be physically
interpreted as a consequence of the fact that fermions are
not excitations of the interacting Hamiltonian. Finally
note that the quasi-particle weight is = 1 at t = 0 and
decreases at large t.
5Conclusions
We have computed by exact analytical methods the
time evolution of an inhomogeneous state with a local-
ized fermion added to the non interacting ground state
in the non local Luttinger model. The interaction does
not produce a simple renormalization of the parameters
of the non interacting evolution; on the contrary it gen-
erates non constant velocities and a dynamical ‘Landau
quasi-particle weight’ appears in the oscillating part of
the averaged density, asymptotically vanishing with time.
We believe that similar phenomena would be present also
in the evolution of more complex initial states like a do-
main wall profile, and we plan to extend our methods to
such a case.
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Appendix A
In order to prove (20) we set z = p(1+σ) and we note
that ∂pz(p) = Hp is bounded and different from zero:
moreover z is an increasing function of p such that p/z
tends to a constant for p → 0 and p → ∞. Integrating
by parts and using x sin pxp ∼ x2, hence (20) follows.
In order to evaluate the large distance behavior
of Z(t) we use that γ(p) = v(p)2pi and we write∫∞
0
dp
p γ(p)(cos 2ω(p)pt − 1) as
∫ 1
0
+
∫∞
1
where the sec-
ond integral is bounded by a constant; in the first term
we can write γ(p) = γ(0)e−κp + r(p) with r(p) = o(p),
and the integral containing r(p) is again bounded by a
constant. Note that
γ(0)
∫ 1
0
e−κpdp
p
(cos 2ω(0)pt−1) = γ(0)
2
log
1
κ2 + 4ω(0)2t2
(31)
Moreover we can write ω(p) = 1+σp = ω(0)+ f(p) with
f(p) = O(p) and∫ 1
0
e−κpdp
p
(cos(2ω(p)pt)− cos 2ω(0)pt) =
∫ 1
0
e−κpdp
p
(cos(2ω(0)pt)(cos f(p)pt− 1) +
∫ 1
0
e−κpdp
p
sin(2ω(0)pt) sin(f(p)pt) (32)
Integrating by parts and dividing the integrals from 0
to t−1 ad from t−1 to 1 we get that both integrals are
bounded by a constant.
Appendix B
In order to derive (16) we write < GS|ψ+1,xψ−1,y|GS >
as
< 0|eiSψ+1,xe−iSeiSψ−1,ye−iS |0 > (33)
and
eiεSψ−1,xe
−iεS =W1,xR1,xψ−1,x (34)
with c(φ) = cosh εφ− 1, s(φ) = sinh εφ
W ε1,x =
exp{−2pi
L
∑
p>0
e−0
+p
p
[ρ1(−p)eipx − ρ1(p)e−ipx]c(φ)}
Rε1,x =
exp{−2pi
L
∑
p>0
e−0
+p
p
[ρ2(−p)eipx − ρ2(p)e−ipx]s(φ)}
so that (33)
< 0|eiSψ+1,xW−11,xR−11,xR1,yW1,yψ−1,y|0 > (35)
By using the commutation relations (8) and eAeB =
eBeAe[A,B] to carry ρ1(p) (ρ2(p)) to the left (right) and
ρ1(−p) (ρ2(−p)) to the right (left) and using (9), we get
(16).
Appendix C
Let us consider now the interacting case starting from
〈0|ψ−1,xeiHtψ+1,z,ψ−2,ze−iHtψ+2,x |0〉. (36)
which can be rewritten as
〈0|ψ−1,xe−iS{eiSeiHte−iSeiSψ+1,ze−iSeiSe−iHte−iS}
{eiSeiHte−iSeiSψ−2,ze−iSeiSe−iHte−iS}eiSψ+2,x |0〉
We use the relation
ei(H0+D)teiSψ+1,xe
−iSe−i(H0+D)t = ψ¯+1,x,tW
−1
1,x,tR
−1
1,x,t
where ei(H0+D)tψ+1,xe
−i(H0+D)t = ψ¯+1,x and, calling
c(φ) = coshφ− 1, s(φ) = sinhφ
W1,x,t = exp{−2pi
L
∑
p>0
1
p
[ρ1(−p, t)eipx
− ρ1(p, t)e−ipx]c(φ)}
R1,x,t = exp{−2pi
L
∑
p>0
1
p
[ρ2(−p, t)eipx
− ρ2(p, t)e−ipx]s(φ)}
6where ρ1(±p, t) = e±i(σp+1)tρ1(±p), ρ2(±p, t) =
e∓i(σp+1)tρ2(±p); moreover
ψ¯ε1,x = zbψ̂
ε
1,xB1,+,xB1,−x = zaB1,+,xB1,−,xψ̂
ε
1,x (37)
where Bε1,+,x =
exp ε
2pi
L
∑
p>0
e−0
+p[ρ1(p)(e
−ipx+ip(σp+1)t − e−ipx+ipt)]
Bε1,−,x =
exp−ε2pi
L
∑
p>0
e−0
+p[ρ1(−p)(eipx−ip(σp+1)t − eipx−ipt)]
and ψ̂+
x,ω = e
iH0tψ+x,ωe
−iH0t, za = exp 2piL
∑
p
1
p (e
ipσpt−1)
and zb = exp
2pi
L
∑
p
1
p (e
−ipσpt − 1).
We write
e−iSψ¯+1,x,tW
−1
1,x,tR
−1
1,x,te
iS = e−iSψ¯+1,x,te
iSW¯−1y,t R¯
−1
y,t (38)
where W¯y,t, R¯y,t are equal to Wy,t, Ry,t in (37) with ρ(p)
replaced by
e−iSρ1(±p)eiS = ρ1(±p) coshφ(p)− ρ2(±p) sinhφ,
e−iSρ2(p)eiS = ρ2(±p) coshφ(p) − ρ1(±p) sinhφ.(39)
Note that W¯1,y,tR¯1,y,t = W
−1
1,yR1,y,0 so that
W¯1,y,0R¯1,y,0(e
−iSψ¯+1,xe
iS) = ψ¯+1,x.
It remains to evaluate e−iSψ¯1,x,teiS ; we use (37) so
that it can be written as
zaB¯
+
1,+,x,tB¯
+
1,−,x,t(e
−iS ψ̂+1,xe
iS) (40)
where B¯ε1,+,x,t, B¯
ε
1,−,x,t are equal to B
ε
1,+,x,t, B
ε
1,−,x,t with
ρ(p) replaced by (39); moreover
(e−iSψ̂+1,xe
iS) = ψ̂+1,xW1,0,x,tR
−1
1,0,x,t (41)
andW1,0,x,t, R1,0,x,t are equal toW1,x,t, R1,x,t with σp =
0. In conclusion (18) is given by which can be rewritten
as
〈0|ψ−1,xe−iS{eiSeiHte−iSeiSψ+1,ze−iSeiSe−iHte−iS}
{eiSeiHte−iSeiSψ−2,ze−iSeiSe−iHte−iS}eiSψ+2,x |0〉
and proceeding as above
〈0|ψ1,x(B¯+1,+,z,tB¯+1,−,z,tψ̂+z,t,1W1,0,z,tR−11,0,z,t)
W¯−11,z,tR¯
−1
1,z,tW¯2,z,tR¯2,z,t
(W−12,0,z,tR2,0,z,tψ̂
−
z,t,2B¯
−
2,+,z,tB¯
−
2,−,z,tψ
+
2,x)|0〉
By using
e
2pi
L
∑
p
1
p
Fρω(±p)ψω,x,t e−
2pi
L
∑
p
1
p
Fρω(±p)
= ψω,x,te
− 2pi
L
∑
p
1
p
Fe±(ipx−ipt) ,
e
2pi
L
∑
p
1
p
Fρω(±p)ψ†ω,x,t e
− 2pi
L
∑
p
1
p
Fρω(±p)
= ψ†ω,x,te
2pi
L
∑
p
1
p
Fe±(ipx−ipt) , (42)
where F is an arbitrary regular function, and the Backer-
Hausdorff formula to carry ρ1(p) (ρ2(p)) to the left (right)
and ρ1(−p) (ρ2(−p)) we get (27).
Appendix D
We can write (18) as
〈0|e−iS{eiSeiHte−iS [eiSψ+1,xe−iS ]eiSeiHte−iS}eiS ×
{e−iS{eiSeiHte−iS [eiSψ−1,ye−iS ]eiSe−iHte−iS}eiS|0〉,
which is equal to
〈0|e−iSei(H0+D)t[eiSψ+1,xe−iS ]e−i(H0+D)teiS
e−iSei(H0+D)t[eiSψ−1,ye
−iS ]e−i(H0+D)seiS |0〉
and by (37)
〈0|e−iSψ¯1,x,tW−11,x,tR−11,x,teiSe−iSW1,y,tR1,y,tψ¯1,x,teiS |0〉
from which we finally obtain
〈0|{e−iSψ¯1,x,teiSW¯−11,x,tR¯−11,x,t} ×
{W¯y,tR¯1,y,t(e−iS ψ¯1,x,teiS)|0〉
As in the previous case, we now use the commutation re-
lations (8) and the relation eAeB = eBeAe[A,B] to carry
ρ1(p) (ρ2(p)) to the left (right) and ρ1(−p) (ρ2(−p)) to
the right (left) and using (9) and we get (16). The fi-
nal expression coincide with the one found in [11] by a
different method, namely using a bosonization identity
expressing the fermionc field in terms of bosons and Ma-
jorana operators.
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